Abstract. Let M be a closed hypersurface in a noncompact rank-1 symmetric space (M, ds 2 ) with −4 ≤ K M ≤ −1, or in a complete, simply connected Riemannian manifold M such that 0 ≤ K M ≤ δ 2 or K M ≤ k where k = −δ 2 or 0. In this paper we give sharp upperbounds for the first eigenvalue of laplacian of M .
Introduction
Let (M , g) be a complete Riemannian manifold of dimension n ≥ 2, and M be a closed hypersurface. Starting with the work of Bleecker-Weiner [1] , there have been several works which give sharp upper bound for the first eigen value λ 1 (M ) of laplacian on M . In [1] , they proved that for a hypersurface M of R n+1 , the first eigenvalue of M is bounded above by
|A|
2 , where |A| 2 is the square of the length of the second fundamental form of M . Reilly [9] proved that if M is a compact n-dimensional manifold which is isometrically immersed in R n+p , then
where H is the mean curvature vector. This result was later extended in various ways to submanifolds of simply connected space forms ( [5] , [7] ). If M is hypersruface in a rank-one symmetric spaces, it was proved in [10] that λ 1 (M ) ≤ 1 Vol(M) M λ 1 (S(r)), where λ 1 (S(r)) is the first eigen value of the geodesic sphere in the ambient space with center at the center of mass of M corresponding to the mass distribution function 1 t . All the above inequalities are sharp as equality holds if and only if the hypersurface M is a geodesic sphere.
For a closed hypersruface M which is contained in a ball of radius less than
, and bounding a convex domain Ω in the simply connected space form M(k), k = 0 or 1, the second author proved [11] that λ 1 (M ) λ 1 (S(R)) ≤ V ol(M ) V ol(S(R)) where R is such that V ol(B(R)) = V ol(Ω). A similar result was also obtained for k = −1. Furthermore equality holds if and only if M is a geodesic sphere of radius R.
In this paper we extend the results in [11] to a wider class of Riemannian manifolds. We denote by K M , the sectional curvature of a Riemannian manifold M . We consider noncompact rank-1 symmetric space (M, ds 2 ) with the metric ds
we prove the following isoperimetric upper bound
where S δ (R) is the geodesic sphere of radius R in the constant curvature space M(δ 2 )(See theorem 2.3 for the statement). We obtain similar isoperimetric upperbounds in the other cases also (see theorem 2.4 and 2.5 for statements). These upper bounds are sharp and equality holds if and only if the hypersurface is a geodesic sphere.
We refer to [2] and [3] for the basic Riemannian geometry used in this paper.
Statement of Results
To state the results we need the notion of center of mass of a subset of a Riemannian manifold. Let (M , g) be a (n + 1) dimensional complete Riemannian manifold. For a point p ∈ M , we denote by c(p) the convexity radius of (M , g) at p. For a subset A ⊂ B(q, c(q)), for q ∈ M , we let CA denote the convex hull of A. Let exp q : T q M → M be the exponential map and X = (x 1 , x 2 , ..., x n+1 ) be the normal coordinate system at q. We identify CA with exp −1 q (CA) and denote g q (X, X) as X 2 q for X ∈ T q M . We state the center of mass theorem below.
where X = (x 1 , x 2 , ..., x n+1 ) is a geodesic normal coordinate system at p.
For a proof see [10] or [7] . Definition 2.2. The point p in the above theorem is called as a center of mass of the measurable subset A with respect to the mass distribution function G.
Before stating the results, we fix some notations which will be used throughout the paper. Let (M, ds 2 ) be a noncompact rank-1 symmetric space with the metric ds 2 such that the sectional curvature satisfies −4 ≤ K M ≤ −1. Let the dimension of (M, ds 2 ) be kn, where k = dim R K; K = R, C, H or Ca. Fix a point p ∈ M and let γ be a geodesic starting at p. Then the volume density function along γ at the point γ(r) is given by sinh kn−1 r cosh k−1 r. Also we denote by S(r), the geodesic sphere of radius r with center p and by ∆ S(r) , the Laplacian of S(r). Let λ 1 (S(r)) be the first eigenvalue of ∆ S(r) . It is well known ( [7] , [10] ) that for r > 0
For a given δ > 0, let M denote a complete, simply connected Riemannian manifold of dimension (n + 1) such that the sectional curvature satisfies one of the following conditions:
(
Also we denote by M(k), the simply connected space form of dimension (n + 1) with constant curvature k = ±δ 2 or 0. For r ≥ 0, let
Let M be a closed hypersurface in M or in M and Ω be a bounded domain whose boundary is M . In the case of M with 0 ≤ K M ≤ δ 2 , we always assume that M is contained in a ball of radius less than min( π 4δ , inj(M)). Let p ∈ CΩ be a center of mass corresponding to the function sin δ r r . The geodesic polar coordinate system centered at p is denoted by (r, u) where r > 0 and u ∈ U p M(or U p M). For any q ∈ M , let γ q be the unique unit speed geodesic segment joining p and q with γ
wherē u is the tangent at p 0 of the unit speed geodesic segment γq joining between p 0 andq. We also denote by φ and φ δ , the volume density functions of M and M(k) along the radial geodesics starting at p and p 0 respectively.
With these notations we state the main results.
where R > 0 is such that V ol(Ω δ ) = V ol(B δ (R)); here B δ (R) and S δ (R) are the geodesic ball and geodesic sphere respectively of radius R in the constant curvature space M(k), where k = δ 2 or 0.
Further, the equality holds if and only if M is a geodesic sphere in M and Ω is isometric to B δ (R).
For the case K ≤ −δ 2 , we have
; here B δ (R) and S δ (R) are the geodesic ball and geodesic sphere respectively of radius R in the constant curvature space M(−δ 2 ).
Further,the equality holds if and only if M is a geodesic sphere and Ω is isometric to B δ (R).
In the case of rank-1 symmetric space of noncompact type, we have
2 ) be a non compact rank-1 symmetric space with dimM = kn where k = dim R K; K = R, C, H or Ca. Let M be a closed hypersurface in M which encloses the bounded region Ω. Then for k = 1 we have
and for k > 1 we have
where R > 0 is such that V ol(Ω) = V ol(B(R)); here B(R) and S(R) are the geodesic ball and geodesic sphere respectively of radius R. Further, the equality holds in above two inequalities if and only if M is a geodesic sphere of radius R.
Preliminaries
Let M be a closed hypersurface in M or in M and let Ω be the bounded domain whose boundary is M . Fix a point p ∈ Ω. Then for every point q ∈ M, there exist unique geodesic segment γ q such that γ q (0) = p, γ ′ q (0) = u and γ q (t q (u)) = q. We observe that this geodesic segment may intersect M at points other than q.
Then A ⊂ M and hence for any non-negative measurable function f on M , we have M f ≥ A f . We now prove the following lemma which is crucial in the proofs of main results. 
where dm is the measure on M, S δ (p 0 , R) is the geodesic sphere and B δ (p 0 , R) is the geodesic ball of radius R, centered at p o in the space form M(k) and R > 0 is such that V ol(Ω δ ) = V ol(B δ (p 0 , R)).
Further, the equality holds if and only if M is a geodesic sphere in M and Ω is isometric to
where dm is the measure on M, S(p, R) is the geodesic sphere and B(p, R) is the geodesic ball of radius R centered at p in M and R > 0 is such that V ol(Ω) = V ol(B(p, R)).
The equality holds if and only if M is a geodesic sphere centered at p of radius R.
Proof. We begin by considering M ⊂ M. Let q ∈ M and φ(t q (u)) be the volume density of the geodesic sphere S(p, t q (u)) at the point q. Let θ(q) be the angle between the unit outward normal η(q) to M and the radial vector ∂r(q). Let du be the spherical volume density of the unit sphere U p M. Then we know that ( [8] , p.385, or [12] , p.1097) dm(q) = sec θ(q)φ(t q (u))du. Hence,
For q ∈ M, consider the unit speed geodesic segment γ q in M joining p and q and the corresponding geodesic segment γq joining p 0 andq ∈ M δ in the space form M(k). Then by Rauch comparison theorem [3] it follows that l(γ q ) ≥ l(γq) and hence t q (u) ≥ tq(ū). By Gunther's volume comparison theorem [6] we also have φ(t q (u)) ≥ φ δ (t q (u)) = sin n δ t q (u) along the geodesics γ p and γq respectively. Hence,
r cos δ r dr dū
Let R > 0 be such that V ol(Ω δ ) = V ol(B δ (p 0 , R)) and f (r) = sin δ r cos δ r. We observe that
. Using these facts we get
Thus we get
Further the equality holds in the above inequality if and only if the following conditions hold:
(1) sec θ(q) = 1 and l(γ q ) = l(γq) for all points q ∈ M.
(2) φ(r) = φ δ (r) for r ≤ diam(M) along the geodesics γ p and γq respectively.
Now sec θ(q) = 1 implies that the outward normal η(q) = ∂r(q). Thus the first condition implies that η(q) = ∂r(q) for all points in q ∈ M . This shows that M is a geodesic sphere centered at p. The equality criteria in Gunther's volume comparison theorem ( [4] , [6] ) says that if φ(r) = φ δ (r) for r ≤ R ≤ diam(M) then the geodesic balls B(p, R) and B δ (p 0 , R) are isometric. Hence we see that Ω is isometric to B δ (p 0 , R). Now suppose M ⊂ M. For the noncompact rank-1 symmetric spaces (M, ds 2 ), the density function φ along the geodesics starting at the point p is given by φ(r) = sinh kn−1 r cosh k−1 r. The computation is slightly different in this case. As an illustration we give below an outline of the proof for CH n . For other noncompact rank-1 symmetric spaces the proof follows similarly.
We proceed as in the earlier computation to get,
where f (r) = (2n + 1) sinh r cosh r + sinh 2 r tanh r. Notice that f (r) is increasing for r ≥ 0. The rest of the proof follows the same way as in the earlier case.
A computation similar to the above lemma proves the following lemma. 
Proof of Results
Let M be a closed hypersurface of M and p ∈ M be a center of mass corresponding to the mass distribution function sin δ r r . Let X = (x 1 , x 2 , ..., x n+1 ) be the geodesic normal coordinate system centered at p. Consider the functions g i = f. xi r where f = sin δ r. Then M g i = 0 for 1 ≤ i ≤ n + 1. Using g i 's as test functions in the Rayleigh quotient, we have
We now decompose the laplacian on M as
where η is the unit outward normal to M , A is the Weingarten map of M and ∆ is the laplacian on M.
We do another decomposition of ∆ along the radial geodesic starting from p as
where ∆ S(r) is the laplacian of S(r). We also notice that
Now let M be a closed hypersurface in the noncompact rank-1 symmetric space M. Let p ∈ M be a center of mass corresponding to the mass distribution function sinh r r and let f = sinh r. The same calculation as above shows that (4.4) holds in this case also.
We now estimate ∇ Sr x i 2 . First, consider the case M ⊂ M. It is known [10] that ∆ S(r) f i = λ 1 (S(r))f i , where λ 1 (S(r)) is the first eigen value of the laplacian ∆ S(r) of the geodesic sphere S(r) ⊂ M. Thus
Hence (4.3) can be written as
Substituting this in (4.4) we get for a closed hypersurface M in the noncompact rank-1 symmetric space M,
The following lemma gives an estimate of ∇ M x i 2 in the general case. .
Proof. Let q ∈ M and (e 1 , ..., e n ) be an orthonormal basis of T q M . Then
Let e l = d(exp p )ē l . Note that ∇x i , e l = e l (x i ) =ē l (x i • exp p ) is the i-th component ofē l in the geodesic normal coordinate at p. Thus 
